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Basic Maximal Total Strong Dominating Functions 
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Let G = (F, E) be a simple graph. A subset D of V (G) is called a total strong dominating set of G, if for every 
u G V{G), there exists a v £ D such that u and v are adjacent and deg{v) > deg{u). The minimum cardinality 
of a total strong dominating set of G is called total strong domination number of G and is denoted by yf{G). 
Corresponding to total strong dominating set of G, total strong dominating function can be defined. The minimum 
weight of a total strong dominating function is called the fractional total strong domination number of G and is 
denoted by y\j{G). A study of total strong dominating functions is carried out in this paper. 

Keywords: Total Strong Dominating Function, Maximal Total Strong Dominating Function, Basic Maximal Total 
Strong Dominating Function 

Introduction: Corresponding to total strong dominating sets in a graph, total strong dominating functions may be 
defined. The minimality of a total strong dominating function can be characterised. Convex combination of minimal 
total strong dominating function is defined and studied. A total strong dominating function is basic, if it cannot 
be expressed as a covex combination of minimal total strong dominating functions. Basic total sttong dominating 
functions are characterised. 

Definition 0.1: 

Let G = {V,E) he a simple graph without strong isolates. A function 

/ : V{G) —)• [0,1] is called a Total Strong Dominating Function (TSDF), if f{Ns{u)) = ^ f{v) > 1, V u G 

VGNs{u) 

V{G), where 

Ns{u) = {x £ N{u) : deg (x) > deg (u)}. 

Definition 0.2: 

A TSDF is called a Minimal Total Strong Dominating Function (MTSDF), if whenever g : V{G) -£ [0,1] and 
g < f, g is not a TSDF. 

Definition 0.3: Let G be a graph without isolated vertex. A TSDF (MTSDF) is called a basic TSDF (basic 
MTSDF) denoted by BTSDF (BMTSDF) if it cannot be expressed as a proper convex combination of two distinct 
TSDF^ (MTSDF^). 

Remark 0.4: A BTSDF need not be a BMTSDF. 
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Lemma 0.5: Let f and g be two distinct MTSDF^ of a graph G with Bj = Bg and Pf = Pg. Let S{v) = f{v)—g{v), 
for every v G V. Then 

(i) If f{v) = 0 or f{v) = 1, then 5{v) = 0. 

(ii) ^ S{v) = 0, y V G Bf. 

u^Ns{v) 

(iii) ^ (5(r;) = 0, V u G Bg. 

uGNs{v) 

Proof: 

(i) We have, f{v) = 1 if and only if g{v) = 1 and 

f{v) = 0 if and only if g{v) = 0. 

Therefore, (i) follows. 

(ii) Let V G Bj. 

Then v G Bg. 

v^Ns{v) u^Ns{v) 

= X] f{u) - 9{u) 

u^Ns{v) u^Ns{v) 

= 1 — 1 (since v G Bj and v G Bg) 

= 0 . 

Therefore, (ii) follows. 

(iii) is similar to (ii). 

Lemma 0.6: Let f and g be convex linear combination of MTSDF® gi, g 2 ,—,gn such that f is minimal. Then 

n n 

Bj = Bg = ^ Bg^, Pf = Pg = \^ Pgi and g is minimal. 

i=l i=l 

Proof: 

Let V G Pf. 

Then f{v) > 0. 

n n 

Let / = X] ^i9u 0 < Aj < 1 , Aj = 1 . 

i=\ i=l 

Suppose gi{v) = 0, V L Then f{v) = 0, a contradiction. 

n 

Therefore, gi{v) > 0, for at least one i. Therefore, v G U^».- 

i=l 

n n 

Therefore, ^ J Suppose %) ^ u^».- 

i=\ i=l 

Then g{vi) > 0, for some i. Therefore, f{v) > 0. 

n 

Therefore, v G Pf. Therefore, Pgi ^ Pf- 

i=l 

n n 

Therefore, Pf = [J Pg.. Similarly, Pg = 

i=\ i=l 

n 

Therefore, Pf = Pg = \^ Pg,- Let v G Bj. 

i=l 

n 

Then f{Ns{v)) = 1. Therefore, Xigi{Ns{v)) = 1. 

i=l 

Suppose V ^ Bg., for some i, 1 < i < n. Then gi{Ns{v)) > 1. 

Since gi{Ns{v)) > 1, for all j, I < j < n, 
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i=l i=\ 

= 1, a contradiction. 

n 

Therefore, v G V i. Therefore, u G P| 

i=l 

n 

Therefore, iJj C Bg,. 

i=\ 

n 

Let u G Pi Bg.. Then gi{Ns{v)) = 1, for alH, 1 < i < n. 

i=l 

n n 

Therefore, Xigi{Ns{v)) = = 1. 

i=l i=l 

Therefore, f{Ns{v)) = 1. Therefore, v G iJL 

n n 

Therefore, P Bg^ C Bj. Therefore, Bj=^ Bg.. 

i=l i=\ 

n n 

Similarly, = P B^^. Hence = P B^^. 

i=\ i=l 

Since / is minimal, Bj weakly dominates Pj. 

n n 

That is, P Bg. weakly dominates P Pg.- 

i=l i=\ 

That is, Bg weakly dominates Pg. 

Hence is a MTSDF. 

Theorem 0.7: Let / be a MTSDF. Then / is a BMTSDF if and only if there does not exist an MTSDF g such 
that Bj = Bg and Pj = Pg. 

Proof: 


Suppose / is a BMTSDF. 

Suppose there exists a MTSDF g such that Bj = Bg and Pj = Pg. 

Let 5 = {a G J? ; ha = (I + a)g — af} be a TSDF and Bf^ = Bj and Ph^ = Pf. 
Then S is a bounded open interval. 

Let S = (fci, /C 2 ). 

Then A:i < —1 < 0 < k 2 . 

Also hki and hk^ are MTSDF^. 


hk, = (1 + ki)g - kif. 

Therefore, / = - P. 

ki ki 

\ 1 + /ol , , “1 

Let Ai = — - and A 2 = -—. 

ki ki 

Therefore, Ai and A 2 are positive and Ai + A 2 = 1. 


Therefore, / is a convex combination of g and . 


Therefore, / is not a BMTSDF, a contradiction. 


Therefore, there does not exist a MTSDF g such that Bj = Bg and Pf = Pg. 
Conversely, suppose / is not a BMTSDF. 

n 

Then there exists MTSDF^ pi, g 2 ,--,gn such that / = E 

i=l 

n 

where 0 < < 1 and = 1. 

i=l 
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Let g = ^ mgi, Q < m <1 and ^ = 1. 


2=1 

Then by lemma 


0.6 


2=1 

n 


Bj = Bg = ^ Bg^ and Pf = Pg = \^ Pgt and since / is a MTSDF, 5 is a MTSDF. 


2 = 1 


2 = 1 


Thus there existsXTVlTSDF g such that Bj = Bg and Pf = Pg. 

Hence the theorem. 

Theorem 0.8: Let / be a MTSDF of a graph G = {V, E) with = {vi,V 2 , ...,Vm} and Pj = {u£V 
f{u) < 1 } = {ui,U 2 , ...,Un}. 

Let A = [aij] be a m x n matrix defined by 
1 , if Vi weakly dominates uj 

O^ij — 

0 , ofherwise. 


0 < 


Consider fhe system of linear equations given by ciijXj = 0, I < i < m. 

i=i 

Then f is a BMTSDF if and only if the above system does not have a non-trivial solution. 

Proof: 

Suppose / is not a BMTSDF. 

Then there exists a MTSDF g such that Bj = Bg and Pf = Pg. 

Let Xj = f{uj) - g{uj), 1 < j <n. 


Suppose Xj = 0, V y, 1 < j < n. 

If f{v) = 0, then v ^ Pf = Pg. 

Therefore, g{v) = 0. 

Therefore, f{v) — g{v) = 0, V u ^ Pf. 

That is, f{v) = g{v), M v ^ Pf. 

If f{v) = 1, then by Theorem ??, g{v) = 1 and hence f{v) — g{v) = 0. 

Therefore, f = g, a. contradiction. 

Therefore, there exists, some j, 1 < j < n such that xj / 0. 

Let /(rtjj) — g(ujf) 0. 

n n 

'^aijXj = '^aij{f{uj) -g{uj)) 
i=i i=i 

= {f{u)-g{u)) 

(since atj = 1 because Vi weakly dominates u) 

= 0, by lemmr jOAj 

Since Xj / 0, the left hand side has a non-trivial solution. 

Conversely, let {xi,X 2 , ■■■,Xn} be a non-trivial solution for the system of 
linear equations. 

Define g : V(G) —>■ [0,1] as follows: 

, , / f(v), if v^P'f 

f{v) + jj, if V = Uj, 1 < j < n, where M is to be suitably chosen. 

Since {xi,X 2 , ■■■,Xn} is a non-frivial solufion, g f. 

Since 0 < f{uj) < 1, choose Mj > 0 such fhat 0 < {f{uj) + < 1, for each j, 1 < j < n. 

Let M' = max{Mi, M 2 ,..., M„}. 

Choose M to be equal to M’. 
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For any u G V, g{Ns{v)) = 9{u) 

u^Ns{v) 

= 9{u) + Y 

u^Ns(v)r\P'^ u^Ns{v)—P'^ 

= Y (/(^*) + ^)+ /w 

Ui^Ns{v)r\P'f u^Ns{v)—P'^ 

= Y + 

u^Ns(u) i 

= f{Ns{v)) + ^Y^^ 

i 

n 

If u G Bp then Y^ = Y1 ~ 

i j=l 

(since v weakly dominates Pf and hence = 1). 

Therefore, g{Ns{v)) = f{Ns{v)) = 1. 

Suppose V ^ Bp 
Then f{Ns{v)) > 1. 

Choose M" > 0 such that g{Ns{v)) > 1, V u ^ Bj. 

Let M = max{M', M"}. 

For this choice of M, we have 
0 < g{v) < 1 and Y^ di'^) > 1, V u G C 

U^Ns ( l ') 

Therefore, gr is a TSDF. 

From what we have seen above, 

Bj = Bl and Pf = Pg. 

Since / is a MTSDF, Bj weakly dominates Pf. 

Therefore, Bg weakly dominates Pg. Therefore, p is a MTSDF. 

Hence / is not a BMTSDF. 

Corollary 0.9: Let G = {V, E) be a graph without isolated vertices. Let S be a minimal total strong dominating 
set of G. Then Xs is a BMTSDF. 

Proof: 

Clearly, Xs is a MTSDF. 

Let / = Xs- 
P'f = 4>. 

Therefore from the above theorem, Xs is a BMTSDF. 

Example 0.10: 

Consider Hajo’s Graph H 3 : 


Vl 



Define fi and /2 as follows: 

= fi{v4) = fi{v 2 ) = fi{ve) = 0. 

fiin) = fiivb) = 1 - 
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0 ui 

h 

f2{vi) = f2{v4) = f2{v6) = 0 
f2iv2) = f2iv3) = f2iv5) = ^ 

Ovi 

/2 : 

y 

/i is a TSDF. 

Pfi = 

weakly dominates Pj^. 

Therefore, /i is a MTSDF. 

Therefore, /2 is a TSDF. 
m =V. 

J 2 

weakly dominates Pf^. 

/2 is a MTSDF. 

p'b = 

Let A = [aij]mxn be a m x n matrix defined by 
/ 

1, if Vi G Bj weakly dominates Uj in Pj 

aij — ^ 

0 , otherwise. 

\ 

Consider the system of linear equations given by 
^11^1 ^123^2 • • • “f — 0 


O^mlXl + am2X2 + . . . + ainXn — 0 . 

Since P'j.^ = (j), the system of equations does not occur and hence does not have a non-trivial solution. 
Therefore, /i is a BMTSDF. 

/2 is a TSDF. 

B% = V, Pf^ = {V2,V3,V4}. 

Pf^ = {^^ 2 ,^^ 3 ,^^ 4 }- 
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A = [aij] 


1 

0 

0 

1 

0 

0 


1 0 
1 0 
0 0 
0 1 
0 0 


/ 

+ 2^2 = 0 
X2 = 0 

imply xi = 0 , X 2 = 0 

xi = 0 
^ X 2 = 0 

Therefore, /2 is a BMTSDF. 

Example 0.11: 


0 


P 5 ■ 


Vl 


1 1 1 0 


V 2 V 3 U 4 U 5 


/i is a TSDF. 

= {vi,V2,Vi,V5}. 

Pp = {V2,V3,V4}. 

weakly dominates Pj^. 

V 2 V 3 V 4 

Xl 
X2 
X3_ 

Xl = 0 , X 2 = 0 , X 3 = 0 . 

Therefore, /i is a BMTSDF. 

Example 0.12: .. 1 1 1 

^ 0 1 1 0 0 1 1 1 0 

Consider Pg : •-•-•-•-•-•-•-•-• 

Vl V 2 V3 t>4 U5 Vj Vg Vq 


A = \a 


i j J 4 X 3 


Vl 

V2 

V 4 

V5 


1 0 0 
0 1 0 

0 1 0 
0 0 1 


Define fi on V{Pq) as follows: 

fi{vi) = fi{v4) = fi{v5) = fi{vg) = 0. 

fl{v 2 ) = fliv3) = hive) = flivj) = flivs) = 1. 

fi is a TSDF. 

Bf^ = {vi,V2,V3,V4,V5,V6,Vs,Vg}. 

Pp = {v2,V3,Ve,V7,V8}. 

Bj^ weakly dominates Pf^. 

Therefore, fi is a MTSDF. 
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Vl 

V2 

V3 

VA 

^ ^ U5 

V 6 

V8 

V9 

Xi = 0, y i, 1 < i < 5. 
Therefore, /i is a BMTSDF. 
Example 0.13: 

0 

Consider Pg : 

Vl 


V2 Vs Vq V7 Vs 

1 0 0 0 0 

0 1 0 0 0 

1 0 0 0 0 

0 10 0 0 

0 0 1 0 0 

0 0 0 1 0 

0 0 0 1 0 

0 0 0 0 1 


1 1 0 0 1 

•-•-• • » 

V 2 Vs V 4 U 5 vq 


— ^ 


- — 


Xl 


Xl 


X2 


X2 




Xl 


xs 


X2 


Xa 


XS 


Xs 


Xa 

Xa 




- ®5_ 



1 1 0 

Vj Vs Vg 


Define /i on V{Pg) as follows: 

h{vi) = h{vA) = fiivs) = fi{vg) = 0. 

fi{v 2 ) = flivs) = hive) = fiivj) = fi{vs) = 1. 

/i is a TSDF. 

= {vi,V2,V3,VA,V5,Ve,V7,V8,Vg}. 

Ph = {v2,Vs,V(1,V7,Vs}. 

weakly dominates Pf^. 

Therefore, /i is a MTSDF. 


Xl 


‘l 

0 

0 

0 

o' 


X2 


'o' 

0 

1 

0 

0 

0 




Xl 


0 

1 

0 

0 

0 

0 


Xl 


X2 


0 

0 

1 

0 

0 

0 


X2 


Xs 


0 

0 

0 

1 

0 

0 


Xs 

— 

Xa 

— 

0 

0 

0 

0 

1 

0 


Xa 


Xs 


0 

0 

0 

0 

1 

0 


_Xs_ 


Xq 


0 

_0 

0 

0 

0 

1 _ 


Xj 


0 







Xs 








xg 


p 

< 

i. 

1 < 

i 

< 5. 





Therefore, /i is a BMTSDF. 

Example 0.14: 

OllOOllQllO 
Let Pii : •-•-•-•-•-•-•-•-•-•-• 

Ul V2 Vs Va Vs vq Vj Vs Vg ViQ Un 


Define /i on V{Pii) as follows: 

h{vi) = h{vA) = fi{vs) = fi{vs) = fi{vii) = 0. 
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fl{v 2 ) = flivs) = hive) = flivj) = fiivg) = /l(uio) = 1 . 

/i is a TSDF. 

= {vi,V2,V3,V4,V5,Ve,V7,V9,Vl0,Vll}. 

Ph = {v2,V3,Vq,V7,V<3,Vio}. 

weakly dominates Pf^. 

Therefore, /i is a MTSDF. 


A = 


V2 V2 ^6 V7 V8 


Vl 

V 2 

V3 

Va 

V5 

V 6 

V 8 

V9 


0 0 0 0 
10 0 0 


1 
0 

1 0 0 0 0 
10 0 0 
0 1 
0 0 
0 

0 0 


0 
0 
0 

0 0 


0 


0 0 
1 0 
1 0 
0 1 


Xl 

X 2 

X3 

Xa 

XT, 


Xl 

X2 

Xl 

X2 

X3 

Xa 

Xa 

XT, 


0 

0 

0 

0 

0 

0 

0 

0 


Xj = 0, V i, 1 < i < 6 . 

Therefore, fi is a BMTSDF. 

Again consider 

OlllOOlf 110 

Pn ; •-•-•-• •-•-•-• •-•-• 

Ul V2 V3 Va Vt, tig V7 Vg Vg Uio Vn 


Define /2 on V{Pii) as follows: 

f2{vi) = f2{vT,) = f2{v6) = f2{vil) = 0 . 

f2{v2) = f2iv3) = f2ivA) = f2{v7) = /2(t’8) = /2(^'9) = f2{vio) = 1- 

/2 is a TSDF. 

B% = {vi,V2,VA,V5,V6,V7,Vio,Vii}. 

Pf2 = {v2,V3,VA,V7,V8,Vg,Vio}. 

Bj^ weakly dominates P/^. 
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V2 V3 V4 Vj Vg Vg 


1 0 0 0 0 0 0 
^2 0 1 0 0 0 0 0 

V4 0 1 0 0 0 0 0 

^5 OoiOqOo 

B = oOo 1000 

U7 0 0 0 Q 1 0 0 

0 0 0 0 0 1 0 

^11 0 0 0 0 0 0 1 



Xj = 0, V i, 1 < i < 7. 
Therefore, /2 is a BMTSDF. 

Example 0.15: 

Let G = C'2n+i- 

Let V{G) = {r;i,i;2, ...,-i;2n+i}- 

Case (i) 

Let n = 0 {mod 2). 

Let n = 2k. 


Then 2n + 1 = 4/c + 1. 

f 1, if i = 1,2 {mod 4) 
Let/(r;.) = <^ 

0, if i = 3,0 {mod 4). 

Then / is a TSDF. 


Bf = {U2, U3, V4, V5, ..., V4k+l} 

Pf = ■■■,V4k^i,V2,VQ, ...,V4k-2} 


Clearly, Bj weakly dominates Pf. 
Therefore, / is a MTSDF. 
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Therefore, Xj = 0, V i, 1 < i < 2A: + 1. 
Therefore, / is a BTMSDF. 

Case (ii) 

Let n = 1 {mod 2). 

Let n = 2k + 1. 

Then 2n + 1 = 4A: + 3. 

f 1, if i = 1,2 {mod 4) 
Let/(r;,) = <^ 

0, if i = 3,0 {mod 4). 

Then / is a TSDF. 

Bj = {vi,V 2 ,V 5 ,VG, ...,V4k+2}- 

Pf = {vi,V2,Vg,Vg, ..., U4fe+1, r;4fc+2}- 

Clearly, Bj weakly dominates Pf. 
Therefore, / is a MTSDF. 


vi 

V2 

V5 

VG 


A = 


V4k+2 


V2 V5 vg ■■■ 

0 ^ 0 0 ... 
1 0 Q Q 

0 0 0 1 ■■■ 

0 0 1 0 ... 


0 0 0 0 ... 


V4k+1 


0 

0 


Xi 


0 

0 

0 


X2 


0 

0 

0 


X3 


0 

0 

0 


X4 

— 

0 

1 

0 


X2k+1 


0 


Therefore, Xi = 0, \/ i, 1 < i < 2k + 2. 
Therefore, / is a BTMSDF. 

Case (iii) 

Let G = C 2 n- 


Let V{G) = {vi,V2, ■..,V 2 n}- 

1, if i = 1,2 {mod 4) 

0 , otherwise. 

Clearly, / is a TSDF. 

V, if n = 2 {mod 4) 

V-{vi,V 2 n], ifn=l{modA). 

{ui, Us,..., ■i;2n-3, V 2 ,VG, ...,V2n-2}, if n = 2 {mod 4) 
{ui,U5,...,U2n-l,U2,U6,...,U2n}, if H = 1 (morf 4). 


Let f{vi) = 


R® — 


Pf = 
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Clearly, Bj weakly dominates Pf. 
Therefore, / is a MTSDF. 

Let n = 2 {mod 4). 


A = 


■^1 V2 Vq ■■■V2n-3 V2n-2 

vi 0 1 0 0 ••• 0 0 

V2 1 0 0 0 • • • 0 0 


V2n 


1 0 0 0 ••• 0 


0 


AX = 0 implies X = 0. 
Therefore, / is a BMTSDF. 
Let n = 1 {mod 4). 


AX = 0 implies X = 0. 
Therefore, / is a BMTSDF. 


A = 


VI V2 V5 V6--- V2n-1 


V2 

V3 


V2n-1 


0 0 0 0 ••• 0 


V2n 


1 0 0 0 ••• 0 0 

0 1 0 0 ••• 0 0 
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